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Abstract. We give a simple solution of Problem 2019-4, and give a generalization
of the problem using division by zero. A variation of the problem is also considered.
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1. INTRODUCTION

In this article we give a simple solution of Problem 2019-4 and give a generalization
of the problem with division by zero, and give several related results. The problem
is stated as follows (see Figure 1):
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Figure 1.

Problem 1 ([6]). For a square P, P,P3Py, let Q; (i = 1,2,3,4) be a point on the
side P;P;;q such that Q1Q3 L Q2Q4, where the subscripts are taken modulo 4.
Let 7; be the radius of the circle lying inside of the square and touching P; Py,
and @Q;Q;2. Prove or disprove ry + r3 = ro + 4.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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2. GENERALIZATION

In this section we generalize Problem 1. Let (); be a point on the segment P, P,
for a square P, P, P3P, such that Q1Q3 L ()2Q)4 and assume that the line (Q1Q;
meets the lines Py P; and P, P; in points R; and Rg, respectively. If the points P,
and R; lie on the opposite side of P3P,, we consider by interchanging the symbols
P, and Py; P, and Ps; ()1 and ()3, respectively. Therefore we can always assume
that P, and Ry lie on the same side of PsP;. Let a = |P1P| and 0 = ZP,R1Q1,
and assume that the line (Q2()4 meets the lines P, P, and P3P, in points Ry and
Ry, respectively. Then the triangles P,Q;R; (i = 1,2,3,4) are similar. Problem 1
and the result in [1] are generalized as follows:
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Figure 2: T +Tr3=7ro+r4=r.

Theorem 1. The following statements hold:
(i) If r; is the inradius of the triangle P,Q;R;, then

11  1+cost+sind
ri+rs  ro+ry  a(cosf —sinf)

(ii) If r? is the radius of the excircle of P;Q;R; touching Q;R; from the side opposite
to P;, then

11  —1+cosf+sinf
Pk b4k a(cosd —sind)

(iii) If r! is the radius of the excircle of P,Q;R; touching R; P; from the side opposite
to QQ;, then

N SRS N AP
R S cos —sinf )
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(iv) If rl is the radius of the excircle of P;Q;R; touching P;Q; from the side opposite
to R;, then

1 1 1( 1 )
r r: r 'r:_ 1+— .
ri+ry  ry+ry a cosf) —sind

Proof. We assume that the line parallel to ()1(Q)3 passing through P; meets P P,
and PP, in points Q] and R}, respectively, and r is the inradius of the triangle
PQ\ R} (see Figure 2). Then the triangles PiQ Ry, PsQ3Rs and PiQ R are
similar. While |Q1Q}| = |P3Q3| implies the relation |P Q4| + |P3Qs| = |P1QY)-
Therefore we get r; + r3 = r. Similarly we get ro + r4 = r. From the equations

|P3P4| . a

= = tan¥,
PRy a+r+rcot?
we get the following equations, i.e., (i) is proved.
_ —1l+cotd cosf —sind

a= a.
1—|—cot§ 14+ cosf +sinf

Let 77 be the radius of the excircle of P,Q} R} touching @} R} from the side
opposite to P; (see Figure 3). Then we get r? = r{ +rf =5+ by (i). From
the equations

|P3P4| a
S et 9 — tan 8,
|PaRy| a+rP —rPtand
we get the following equations, i.e., (ii) is proved.
»,  —1l+coth cos ) —sind
re = a =

a.
1 —tan? —1+cosf +sind

2

Let ¢ be the radius of the excircle of PQ] R} touching R} P, from the side
opposite to Q}. Then r? = r{ + 74 =r3 + r] by (i). From the equations

|P3P4| . a

= = tanb,
|PRy|  a+ri4ritand
we get the following equations, i.e., (iii) is proved.
_ —1+cotd cos ) — sin @

rd

a

= a.
1+tan§ 1 —cosf +sinf

Let 7" be the radius of the excircle of PQ} R touching P} from the side
opposite to R}. Then r" = r] + 1§ =15 +r} by (i). From the equations

|P3P4| . a .
— = 5 = tand,
|PaRy| a—1r" 417 cot §
we get the following equations, i.e., (iv) is proved.
_ —1+cotd cosf —sinf

r

= a= a.
—1+Cot§ 14+ cosf —sinb
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Figure 3.

Corollary 1. Let r{, r{ be as in Theorem 1. The following relation holds.

1 1 2

q q - T T
Ty tTiha T T T a

3. A VARIATION OF PROBLEM 1

Let P;, Q;, R; be the points as in the previous section under the assumption that
the point R; lies on the same side of P3P, as P;. In the previous section we have
considered the incircle and the excircles of the triangle P;Q; R;. In this section we
consider the incircle and the excircles of the triangle P,Q;_1R;11 (see Figure 4).

R
RS P3 Q2 Pg
S3 S92
Q3
T S1 Ql
Py Q4 Py Ry
Ry

Figure 4: s; + s3 = So + s4.
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Theorem 2. The following statements hold.
(i) If s; is the inradius of the triangle P;Q;_1R;11, the following relation holds.

1 1 1 1
= =— (14—
S1+83  So+S4 a cosf +sind
(ii) If s¥ is the radius of the excircle of PiQ;—1R;y1 touching Q;_1R;+1 from the
side opposite to P;, then the following relation holds.

I T 1
sS+sh sh+sh a cosf +sinf )
(iii) If s? is the radius of the excircle of PiQ;—1 Ri+1 touching R 1 P; from the side
opposite to (QQ;_1, then the following relation holds.

11  1-—cosf+sinf
s+ sT4+s1 a(cosf +sinf)

(iv) If s} is the radius of the excircle P;Q;—1R;11 touching P;Q;—1 from the side

opposite to R; i1, then the following relation holds.

1 1 _1+Cos€—sin0

st +sy  sh+s,  a(cosf +sinf)

Proof. We assume that the line parallel to ;@3 passing through P, meets the
lines P, P, and P3P, in points R and @), respectively, and the line parallel to P, P;
passing through Q)3 meets R}(Q)% in a point S (see Figure 5). Let s be the inradius
of the triangle P,Q4R;. Then the triangles P,(Q1R3 and Q3Q%S are congruent.
Therefore sy equals the inradius of Q3Q4S. While the triangles Q3Q%S, PyQsRy
and PyQ4 R, are similar and |Q3Q%| + |PaQs| = |PsQ%|. Therefore so + s4 = s.
Similarly we get s; 4+ s3 = s. On the other hand, from the equations

‘P1P2’ _ a
PR s+ scot?—a
2

= tan6,

we get the following equations, i.e., (i) is proved.

1+ cotf (cos @ + sinf)a
s = a= Sasy
1+cot§ 1+ cos@ + siné

Let sP be the radius of the excircles of P,Q4R] touching Q4R from the side
opposite to Py, then we have s? = s} + s = s§ + s by (i). From the equations
|P1P2’ B a

= = tand
| PR} | sp—sptang—a ’

we get the following equations, i.e., (ii) is proved.

~ 1+cotd  (cosd+sinbd)a

p_ —_— .
s l—tanga —1 4 cos@ +sinf

Let s? be the radius of the excircles of P,Q5 R} touching PyR) from the side

opposite to Q4. Then we have s7 = s{ + s§ = s§ + s§ by (i). From the equations
|P1P2| . a

PR} st+4sitanl —a

= tanb,
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we get the following equations, i.e., (iii) is proved.
_ 1+cotf  (cos®+sinb)a

q_ — .
s 1—|—tanga 1—cosf +sind

Let s™ be the radius of the excircles of P,Q4R) touching P,Q% from the side
opposite to R}. Then we have s" = s| + s§ = s + s by (i). From the equations
|P1p2‘ a

= = tan —,
|PLIR)|  —s"+s"cot? —a 2

we get the following equations, i.e., (iv) is proved.

L+cotd  (cosf+sinf)a

T __

= a= }
—1—|—cotg 14 cosf —sinf

R3

Figure 5.

The parts (i) and (ii) in the Theorem 2 can be found in [3] with a proof and
in [4] with no proof. The proof in [3] is different from the above proof. Next
corollary can also be found in [3, 4].
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Corollary 2. Let s;, s¥ be as in Theorem 2. The following relation holds.
1 1 2

p p T

By Corollaries 1 and 2, we get the next corollary.
Corollary 3. Let r], rl be as in Theorem 1, and let s;, st be as in Theorem 2.
The following relation holds.
1 1 1 1

+ + = :
q q P p r r
Ti tTiyo  Sit Sz Syt Sna T T T

4. EXCIRCLES OF A TRIANGLE WITH PARALLEL SIDES

In this section we show the next theorem by division be zero.

Figure 6.

Theorem 3. For a triangle ABC, the radius of the excircle touching C A from
the side opposite to B equals 0 if BC' and C' A are parallel.

Proof. We use a rectangular coordinate system such that A and B have coordi-
nates (a,0) and (b,0), respectively, where we assume that the point C' lies on

the region y > 0 (see Figure 6). Let 0, (resp. 6,) be the angles between BA
and 1@ (resp. ﬁ) Then the center of the excircle coincides with the point of
intersection of the two lines expressed by the equations y = tan %“(x — a) and
y = tan %b(x —b). The coordinates of the point are give by

atan%“—btan%” sin%‘lsin%‘)
tan 22 — tan % ,(a—b) sin fa=f ’
2 2 2

where notice that the y-coordinate gives the exradius. Now we fix the points A,
B and the angle 6, and consider the case 8, = 6, (see Figure 7). Then by the
definition of division by zero [2],

(1) g =0 for any real number z,

we see that the center of the excircle has coordinates (0,0), i.e., the exradius
equals 0. O
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Ob o = O
. A
Figure 7.

B

Remark. The essential part of Theorem 3 is the fact that the point of intersection
of two parallel lines coincides with the origin, which is pointed out in [5].

5. PARALLEL CASE

In this section we consider the case in which the lines P,P; and ();()3 are parallel
or # = 0 in Theorems 1 and 2 by Theorem 3. Let us assume 6 = 0. Then we get
the relations

1 1 2 1 1 2

= = — and = = —.
L+ T3 To + 74 a ri+ry Ty + 1) a

Therefore (i) and (iv) in Theorem 1 are true. On the other hand we get r = r! =0
by Theorem 3. Therefore the equations in (ii) and (iii) are also true, because

11 0 and —1+cosf+sinf _
R B a(cos — sin h)
and
1 1 1 1
TR AT A 5<_”cos9—siné) -

Therefore (ii) and (iii) hold, i.e., Theorem 1 also holds in this case.

Let us consider Theorem 2 in the case # = 0. Then (i) and (iv) are true, since
both sides of each of the equations equals 2/a. On the other hand s? = s! = 0 by
Theorem 3. Therefore we get

! ! 0 whil ! 1 ! 0
== = 11e — _—_— =
st +sh b+l v a cosf + sinf
and .
1 1 .. 1 —cosf+sinf
7 7= 3 7 =0 while - =
ST+ s34+ s a(cos @ + sin6)

Therefore (ii) and (iii) hold, i.e., Theorem 2 also holds in this case.

Notice that Corollaries 1, 2 and 3 also hold in thie case.
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