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1. INTRODUCTION

In this paper we prove a generalization of Problem 6 in [3] and also present some
related results.

Problem. For a triangle ABC', assume that there is a circle of radius p, touching
CA and AB from inside of ABC and the semicircle of diameter BC' externally.
Similarly there is a circle of radius py, touching AB and BC' from inside of ABC
and the semicircle of diameter C' A externally. There also is a circle of radius p,
touching BC and C' A from inside of ABC and the semicircle of diameter AB
externally (see Figure . Then show that the inradius of the triangle ABC' equals

1 2 2 2
g\ Pat ot pet[oitp+rZ).

2. GENERALIZATION

The problem is generalized as follows:

Theorem 2.1. Let ABC' be a triangle and assume, without loss of generality,
that angles with vertices at B and C' are acute. We denote by w, the circle of
radius p, touching the semicircle of diameter BC' constructed on the same side
as the point A externally if ZBAC < 90° otherwise internally, where w, touches
the sides CA and AB if ZBAC < 90° otherwise it touches the lines CA and AB

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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from the side opposite to the incircle of ABC. Similarly we define wy, ppy, We, Pe-
Then the inradius of ABC' equals

1

(1) 5 (pa+pb+pc+«/p3+p§+p§) if ABC' is acute.
1

(2) §<—pa+pb+pc+w/ﬂg+l)§+ﬂz> if ZCAB > 90°.
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FIGURE 1. FIGURE 2.

3. PROOF OF THEOREM [2.1]

For a triangle ABC', let a, b, ¢, R, r, p, A, I, be the lengths of BC', CA, AB, the
circumradius, the inradius, the semiperimeter, the area, the incenter, respectively.
In the proof of Theorem [2.1] we will use the following lemmas.

Lemma 1. The following identity holds:

(b+c—|— = >2—2(b2+02—a2)= (a+M>2.

p—a p—a

Proof. Using Heron’s formula A = /p(p — a)(p — b)(p — ¢), and the well known

identity r = %,

2 2
(b+c+i> _(G+M>
p—a p—a

= <b+c+a+w) (b+c_a_m>

p—a

we have

_p—a' b
=(a+b+c)b+c—a)—(a—b+c)la+b—rc)
(b+c)—a®—a*+(b—c) =2+ —a*). O
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Lemma 2. The radius p, of the circle w, defined in Theorem |2.1], is given by the

formula
A
Po = LT 1—tan§ )

where the + sign is taken if ZBAC < 90° and the — sign is taken if ZBAC > 90°.
Similar formulas hold for the radit py and p. defined in the same way.

Proof. Let M be the midpoint of BC; let D be the center w,; let E, G be the
orthogonal projections of D on AC, AB, respectively; let J be the touch point
of the incircle with the side AC. Let us first consider the case ZBAC < 90°. If
ZBAC = 90° the circle w, reduces to a point, therefore p, = 0 and the formula
is verified since tan% = 1. Therefore assume that ZBAC < 90° (see Figure .

FIGURE 3.

Since A, D, I are collinear we have /GAD = /DAFE = é, SO
AJ=reot D= [P 0@=bp=q) [ pp—a) _ =
2 p (p—0)(p—c)

Denote AE = AG = z. From the similarity of the triangles AJI and AED we
get

r Pa r
= — Rt pa:
p—a x p—a

In the triangle BDG, since ZBGD = 90°, we have

BD? = BG* + GD? = (c—z)* + p.
In the triangle CE D, since ZC'ED = 90°, we have

CD? =CE*+ ED* = (b—2)*+ p.

- X.

Since the circle (D) and the semicircle of diameter BC' are externally tangent, we
have DM = § + p,. Then, using the median formula in triangle BC'D we get

4-DM?=2-BD*+2-CD?> - BC? &
2
1(S+p) =2((c—22+p) +2(0-2P+2) —a®

2
ar ) b? + ? — a?
T —
pP—a 2

(3) 22— (b+c+ = 0.
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Taking into account of Lemma , the discriminant of equals to

2 2
b
(b+C+ CLT> _2(b2+c2_a2):<a+ﬂ>
p—a p—a

Therefore the solutions of are

pr
r=p—a—-r<p—a and x:p+m>p—a.

Since F € AJ and AJ = p —a we have AE < AJ, i.e. x < p— a. Hence we have

B (R )

The other case ZBAC > 90° can be proved similarly, taking into account that
DM = % — p, because the circle (D) and the semicircle of diameter BC' are
1nternally tangent (see Figure [4)).

T T
cr =
p—a p—a

Pa =

FIGURE 4.

Lemma 3. The numbers tan%, tan g, tan % are the roots of the cubic

pr® — (4R +r)z* + pr —r = 0.

Proof. The numbers tan £ A tan =, tan Q verify the equation

() (o) () 0
(4) z? — (Ztané)x —i—(Ztan—tan—)x—Hta é:

Now, using the well known identities]

A 4R A B A B C
ZtanEZ p—Hﬂ, Ztangtangzl, tanitangtamg:Zi97

2See [2] pag.27, [1] pag. 358, [6] pag. 234, 237
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the equation rewrites as

4R
3 - +T-x2+:v—i:0 &
p

X

(5) pr® — (AR +7r)z* +pr — 1 = 0.

Proof of Theorem [2.1]. Let us first consider the case ZBAC < 90°.
From Lemmawe get po =1 (1 - tan%), hence tan% =1-— e,

T

Thus, using Lemma |3| we have that

3 2
p(1-2) —@r+n) (1-2) +p(1-22) —r =0,
r r r
from which we get
P = pa)* = AR+ 1) = po)? +pr(r = pa) =14 =0,
o2+ (AR + 1 — 3p)p2 + 2r*(2p — 4R — 7)py + 2r* (2R + 1 — p) = 0.
Therefore p, and similarly py, p. satisfy the equation
pr® +r(4R+ 1 —3p)x® +2r°(2p — 4R — 1)z + 2r*(2R + 1 — p) = 0.

Thus, using the Vieta’s formulas we obtain

r(3p—4R—r

(6) Pa+ Py + pe = B )7
p
and
2r2(2p — 4R —r
(7) > papp = ( . )
from which it follows that
(8) Pt pr 4= (Pt Pt p)’ =2 papy
_r*(Bp—4R—r)? 5 2r*(2p — 4R —r)
P’ p
r?(p— 4R —1r)?

= e

Finally, using @, and (8) and taking into account the inequalityﬂ 4R+1r > p,
we have

3p — 4R — AR 47—
pa+pb+pc+\/p§+pi+pizr(p ’ D n ;T 2o,

so the formula is proved.
Let us now consider the case where ZBAC > 90°.

From Lemma [2| we get p, = r (tané — 1), hence tan% = 1+ 2+, Thus, with a
reasoning similar to that used in case ZBAC < 90°, it can be shown that —p,, p
and p, verify the equation

(9)  pz’+r(AR+r—3p)a® +2r*(2p — 4R — r)z + 2r (2R + 1 — p) = 0.

3See [2], pag. 49
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Therefore by using the Vieta’s formulas we obtain

3p — 4R —
(10) —,Oa+,0b+Pc=r( D 7‘)’
p
22(2p — 4R —
(11) PbPe — Pab — Pape = — 2p 5 T),
r?(p— 4R —r)?
(12) pa+ py + pr = 2

from which it follows that

3p — 4R — AR+ 7 —
(13) —pa+pb+pc+\/p3+p§+p2=r(p 5 ) 7 pT D)y,

4. CONSTRUCTION OF CIRCLE w,

The construction of the circle w, follows from the following theorem.

Theorem 4.1. For a triangle ABC, let w, be the circle defined in Theorem [2.1]
Let I be the incenter of ABC and let J, E be the feet of the perpendiculars drawn
on AC from I and D, respectively. We have JE = JI.

FIGURE 5.

Proof. It ZA < 90°, from Lemma [2| we have DE = r (1 — tan é) Therefore

JE=AJ-Ap= " PE
tan5  tang
_r—DE A A
= tané —cota(r—r—i-rtan?)
:rcotétanézrzjl.
If ZA > 90° the proof is similar. O

The circle w, can be constructed in the following way (see figures [f] and [6)):
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B M C

FIGURE 6.

construct the incenter I of ABC;

construct the point J, orthogonal projection of I on AC'

construct the point £ € AJ such that JE = JI;

let D be the intersection point of AI with the perpendicular to AC at E;
e draw the circle w, with center D and radius DFE.

The following corollary follows directly from theorem

Corollary 4.1. Let ABC' be a triangle, let D, E, F be the centers of w,, wy, We
respectively; let E,, F, be the feet of the perpendiculars drawn on BC from E and
F, respectively. Define Dy, Fy, and D., E. cyclically. Then the sixz points E,, F,,
Dy, Fy, D., E,. lie on a circle with center I and radius V2r. Furthermore we have

E.F, = DyF, = D.E. (see figures E and @

FIGURE 7.
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FIGURE 8.
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