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Abstract. Using similar triangles, we solve the problem 2019-4.
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1. INTRODUCTION

We solve the following problem (see Figure 1).

Problem. For a square P, P,P3Py, let Q; (i = 1,2,3,4) be a point on the side
P;P; 1 such that Q1Q3 L Q2@ where the subscripts are taken modulo 4. Let
r; be the radius of the circle lying inside of the square and touching P;P;4; and
QiQ;12. Prove or disprove ry + r3 = r9 + 4.
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FIGURE 1.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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2. SOLUTION

Without loss of generality, we may assume that the side of the square is the unit.
Firstly we consider the special case where (Q1Q3 and P, P, are parallel (see Figure
2). In this case we obviously have r; + 13 =1/2 = ry + 1y4.
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FIGURE 2. Case (Q1()3 and P; P, being parallel

Secondly, assume that ()1Q3 and P, P, are not parallel. We denote the point
of intersection of Q;Q;.2 and P;P; 3 by R;. Without loss of generality, we may
assume that P, and R; are on the same side of the line P;P;. In this case P;
and R; are on the same side of the line P; 5 P;35 where the subscripts are taken
modulo 4. If P, and R; are on not on the same side of the line P3Py, just
reflect the figure through a line parallel to P, P, and rename several symbols (see
Figure 3). If (Q1,Q3) = (P, P3), we get (Q2,Q4) = (P2, Py). Therefore we have
ri+r3=0=ry+ry.
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FiGURE 3. Two symmetric configurations

We now assume Q) # P;. Let a = P,(Q3 and a = P;R;. Then the inradius of the
right-angled triangle PyR1(Q)3 equals r = % (a +a—+Va®+ 042). By the similarly
in Figure 4, we get

T T

a—r a—14+7r
Solving for rq, we get

(1)
(a—1)r a—1 a+a—+va?+a? a_1<a—a+\/m>.
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The triangles PyR,Q)3 and P, R3(), are similar. Therefore
T3 1l—a

™ B P1Q1'
By similar triangles P,R,Q)3 and Py R0}, we get
a a
PQy a-—1

So we deduce that

1-— 1-—
r3 = R = a(@—a+\/a2+a2>.

2 a—lrl_ 2a

From (1), we get

(2) 7"1+7“3=a2_&<0z—a+\/az—|—a2).
a
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FIGURE 4.

Let b = P Ry and § = P,(Q4. Similarly we get

T2+T4:%<B—b+\/b2+ﬁ2>.

R

FIGURE 5.

Since the lines Q1@)3 and Q24 are perpendicular, the triangles PyR;(Q)s and
P RyQ)4 are similar (see Figure 5). So we deduce that

a b

a B
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Substituting a = ab/f in (2), we get

b
O{B—Oé b b 2
ri+ry = b oz—ozE—l— (&B) + a2
20—
b— b
= 2@()5 <a_aﬁ+ﬁ b2+62):7“2+7“4.

Notice that the above discussion is also true in the case Q3 = Ps.

Assume that Qg and P, P, are not parallel and P, and R; lie on the same 51de of
P;Py. We define 7’1 as follows: 7“54) is the inradius of the triangle P,Q Ry, r1 is
the radius of the excircle of PyQ)1 R, touching R, P; from the side opposite to @1,
7"1 is the radlus of the excircle of P;(Q1 Ry touching P;(); from the side opposite
to Ry, 7“1 is the radius of the excircle of P;Q)1R; touching @)1 R; from the side
opposite to P;. Similarly the radii 7’1@ (1=2,3,4), (j = 1,2,3,4) are defined (see
Figure 6). Since the triangles P,Q;R; are all similar, we get the next theorem.

Theorem 1.

(l)—i—Té)—Tg)"‘Q for 1=1,2,3,4.

FIGURE 6.



