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Abstract. A result similar to the result for the circles touching two consecutive
circles at their point of tangency in a Pappus chain in [2] is given.
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1. Introduction

In [2] we have considered a chain of circles whose members touch two internally
touching circles β and γ, and a circle touching two consecutive circles in the
chain at their point of tangency. Then we have showm that a simple relationship
between the radius of the circle and the radii of β and γ holds using division by
zero 1/0 = 0 [4]. In this note we consider a chain of circles whose members touch
two externally touching circles, and show that a similar relationship is also true.
The author considers that such a chain can also be called a Pappus chain.

2. Result

Let C be a point on a segment AB such that |AC| = 2b, |BC| = 2a and c = a+ b
(a ̸= b). The semicircles of diameters BC and AC constructed on the same side
of AB are denoted by α and β, respectively. γ1, γ2, γ3, · · · are the chain of circles
touching α and β such that γ1 touches the line AB (see Figures 1 and 2). If we
invert the figure in the circle with center C orthogonal to γn, the images of γ1, γ2,
γ3, · · · are the circles congruent to γn and their centers lie on the perpendicular
from the center of γn to AB. Therefore there are circles δ1, δ2, δ3, · · · such that
δi touches γi and γi+1 at their point of tangency and AB at C, where we define
δ0 is the line AB. Let dn be the radius of δn. We have the next theorem.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Theorem 1. For a non-negative integer n, we have

dn =
ab

cn
.
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Figure 1.

If we use a rectangular coordinate system with origin C so that the farthest point
on α has coordinates (a, a), the proof is similar to that of Theorem 1 in [2].
Therefore we omit the proof. Notice that the theorem is true in the case n = 0,
since 1/0 = 0 and d0 = 0, because a line can be considered to be a circle of radius
0 as stated in [2, Section 2].
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Figure 2.

Assume that two figures have a point P in common and the angle between the
tangent lines at P equals θ. Then the two figures are said to touch at P if
and only if tan θ = 0. While the angle between the tangent lines at the point
of intersection equals π

2
for two orthogonal figures and tan π

2
= 0 by 1/0 = 0.

Therefore two orthogonal figures can be considered to touch each other [3], [4].
This implies that the line AB can be considered to touch the semicircles α, β and
γ1. Therefore it is appropriate to denote the line AB by γ0 (see Figure 2).

Let γ be the semicircle of diameter AB constructed on the same side of AB
as α. The area bounded by the semicircles α, β and γ is called an arbelos.
Circles of radius ab/c are called Archimedean circles of the arbelos. Especially
the Archimedean circle orthogonal to α and β, i.e., it touches AB at C, is called
the Bankoff circle [1]. Therefore Theorem 1 shows that δ1 is the Bankoff circle.
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