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1. INTRODUCTION

The following sangaku problem is well known in Wasan geometry (See Figure 1).
Let D be a point on side BC' of AABC, h be the distance from A to BC. Oy(r1),
Os(r2), O(r) be the respective incircles of triangles ABD, ACD, and ABC. Then
we have

2 2 2 2
11— = (1 — ﬂ) (1 — 2) or equivalently, r=ry+ry — T;LTQ. (1)

FIGURE 1

A proof can be found in [[1], pp. 33-34].

IThis article is distributed under the terms of the Creative Commons Attribution License
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We will show an easy proof of the famous Japanese quadrilateral theorem that can
be deduced from this problem. Also, a related problem proposed by Dr. Stanley
Rabinowitz [2] can be solved by the same strategy. We will solve both problems.

2. PROOF OF THE JAPANESE QUADRILATERAL THEOREM

The Japanese quadrilateral theorem can be stated as follows (see Figure 2).

A1A3A3 A, is a cyclic quadrilateral. The
circle O1(ry) s inscribed in triangle
Ay A Ag, the circle Oq(r3) is inscribed in
triangle A1 AyAs, the circle Os(rs) is in-
scribed in triangle Ay A3 Ay, and the circle
Oy(r4) is inscribed in triangle AzA4A;.
Show that

7’1+7”3:7’2+7”4.

FIGURE 2

Proof. Assume P = A1 A3 N As Ay, We will draw incircles of radii py, p2, p3, and
p4 of triangles AjPAy, AsPA;, A3PA,, and AyP A3, respectively (See figure 3).
hi, hs are the perpendiculars drawn from A; and Az on A; Ay, respectively. Also,
hs, hy are the perpendiculars drawn from A, and A4 on A; As, respectively.

FIGURE 3
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From similar triangles A PA4 and Ay PAs, we get

% = Z—z which implies pllz_TZ = p;_,zi (2)
and
s which implies papr _ P3P (3)

hy s hy hs

Applying (1) on triangles A4 A1 As, A1 AsAs, AsA3A4 and A3A4A; successively, we
get

T1—P1+P2—p]11—p2, 7’2—P2+P3—%u

1 2

7”3:p3+ﬂ4—%, and 7”4=P4+P1—%-
3 4

Therefore, by virtue of (2) and (3), we get

ry —1ry = p; — p3 =r4 —ry which implies r{ +r3=1ro+ry. U
3. SOLUTION TO DR. RABINOWITZ’S PROBLEM

Dr. Rabinowitz’s problem [2] can be stated as follows (see Figure 4). We will use
the previous notations.

A1 A A3 Ay is a cyclic quadrilateral. The
circle Oy(ry) s inscribed in triangle
Ay A1 Ay and the circle Oq(rs) is inscribed
m triangle A1A2A3. ]fP = A1A30A2A4
and the circle Oy (p1) is inscribed in trian-
gle AyPA4 and circle O%(ps3) is inscribed
in triangle AsPAs. Show that

ri+p3 = p1+To.

FIGURE 4

Proof. Observe that in the previous proof, the relation
rn—T2=p1—pP3

gives Dr. Rabinowitz’s result. O
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