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Abstract. We study some properties of a triad of circles associated with a tri-
angle. Each circle is inside the triangle, tangent to two sides of the triangle, and
externally tangent to the circle on the third side as diameter. In particular, we
find a nice relation involving the radii of the inner and outer Apollonius circles of
the three circles in the triad.
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1. INTRODUCTION

Notation. Throughout this paper, we will use the following notation, where
AABC' is a fixed acute triangle in the plane. We let a = BC, b= CA, c = AB, r
is the inradius of AABC, R is the circumradius of AABC, p = %b“, A = [ABC]|
is the area of the triangle, and S = 2A. We also let I denote the incenter of
ANABC.

The semicircle erected inwardly on side BC' will be named w, as shown in Figure[l]
(left). Semicircles wy, and w. are defined similarly. The circle inside AABC,
tangent to sides AB and AC, and externally tangent to semicircle w, will be
named ~,. Circles 7, and 7. are defined similarly. The radii of circles v,, 7, and
v. are denoted by p., pp, and p., respectively. The centers of these circles are
named D, E, and F, respectively, as shown in Figure (1| (right).

For purposes of this paper, these three circles will be called the triad of circles

associated with AABC.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.

2Corresponding author

54


http://www.sangaku-journal.eu/
mailto:ercolesuppa@gmail.com
http://www.esuppa.it/
mailto:stan.rabinowitz@comcast.net
http://www.StanleyRabinowitz.com/

ERCOLE SUPPA AND STANLEY RABINOWITZ 55

FIGURE 1.
This triad of circles appears in a Sangaku described in [3] and reprinted in [0,
problem 6]. The statement in the Sangaku is given as Theorem 1.1}

Theorem 1.1. For the triad of circles associated with NABC, we have

—1 2 2 2
r=; (pa+pb+pc+\/pa+pb+pc)'

A proof of this result can be found in [I0]. A variant on this result when the
triangle is not acute can also be found in [10].

It is the purpose of this paper to give other properties of such a triad of circles.

2. KNOWN RESULTS

Before giving new results, we summarize some of the properties already known
about the triad of circles. The following five theorems come from [10].

Theorem 2.1. For the triad of circles associated with NABC, we have

=r{l—t A
Pa=T an— ).

Similar formulas hold for p, and p..

Theorem 2.2. Let P and Q) be the feet of the perpendiculars from D and I to
side AC, respectively. Then PQ = IQ. (Figure @

FIGURE 2. red lengths are equal
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Theorem 2.3. The lengths of the common external tangents between any two
circles of the triad are equal. The common length is 2r. (Figure@

FIGURE 3. blue lengths are equal

Theorem 2.4. The siz points of contact of the triad of circles associated with
ANABC lie on a circle with center I and radius r/2. (Figure

FIGURE 4.

This circle will be called the contact circle.

The following corollary follows immediately from Theorem [2.4]

Corollary 2.1. In Figure[J showing the contact circle and the incircle, the green
area is equal to the blue area.

FIGURE 5. green area = blue area
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Theorem 2.5. For the triad of circles associated with ANABC, we have

r?(p—4R —r)?
Patpy+p; = 2 :

(1)

The following result comes from [4] where it is stated that the result is due to
Tomasz Ciesla.

Theorem 2.6. Let T, Ty, and T, be the touch points of the circles in the triad
with their corresponding semicircles as shown in Figure[d. Then AT,, BT,, and
CT. are concurrent.

FIGURE 6.

The point of concurrence is catalogued as point Xjjo3 in the Encyclopedia of
Triangle Centers [4]. Since reference [4] does not include a proof of this result, we
will give our own proof later in Section [5| of this paper.

The point Xi103 is known as the Paasche point of the triangle because Paasche
proved the following result in [7].

Theorem 2.7. Congruent circles with centers Ay and Ay touch each other exter-
nally at point A" outside ANABC'. Circle (Ay) is tangent to AB and BC. Circle
(Ay) is tangent to AC and BC'. Points B' and C' are defined similarly (Figure[7).
Then AA’, BB', and CC'" are concurrent.

FIGURE 7.
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Remark. The same result is true if the pairs of congruent circles are inside the
triangle instead of outside. Figure |8 illustrates this. (Only the two congruent
circles tangent to side BC' are shown.) This result comes from [I1, Art. 3.5.4,

ex. 4c.
A
% C
B

FIGURE 8.

The Paasche point can also be characterized as follows according to [2].

Theorem 2.8. In NABC, let w,, wy, and w. be the circles constructed using
sides BC', C'A, and AB, respectively, as diameters. Let ) be the circle internally
tangent to wy, wy, and w.. Let A" be the touch point between w, and ). Points B’
and C" are defined similarly (Figure[9). Then AA', BB', and CC' are concurrent
at X123, the Paasche point of ANABC'.

A!

FIGURE 9.

A circle that is tangent to three given circles is called an Apollonius circle of those
three circles.

If all three circles lie inside an Apollonius circle, then the Apollonius circle is
called the outer Apollonius circle of the three circles. The outer Apollonius circle
surrounds the three circles and is internally tangent to all three.
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If all three circles lie outside an Apollonius circle, then the Apollonius circle is
called the inner Apollonius circle of the three circles. The inner Apollonius circle
will either be internally tangent to the three given circles or it will be externally
tangent to all the circles. The following theorem comes from [5].

Theorem 2.9. For the triad of circles associated with ANABC, the inner Apollo-
nius circle of Va, Yo, Ve, 1S internally tangent to the inner Apollonius circle of w,,
Wy, we (Figure @)

Remark. The inner Apollonius circle of ~,, 7, 7. is known as the 1st Miyamoto-
Moses-Apollonius circle and the outer Apollonius circle of v,, 75, 7. is known as
the 2nd Miyamoto-Moses-Apollonius circle (see [3]).

wp

FIGURE 10.

3. METRIC RELATIONSHIPS INVOLVING p4, Pp, Pe

In addition to Theorem|[I.I]and Theorem 2.5 the following symmetric relationship
involving p,, pp, and p. holds.

Theorem 3.1. For the triad of circles associated with ANABC, we have
PapP + Pope + Pepa — 27(Pa + Py + pe) + 217 = 0.

Proof. From Theorem , we have p, = r(1 —tan4), p, = r(1 — tanZ), and

pe = (1l — tan %) Substituting these values into the expression

PaPb + Pope + pepa = 21(pa + Py + pe) + 217
and simplifying (using MATHEMATICA), shows that the expression is equal to
) (A +B+C ) A B C

-7~ Ccos Sec — sec — sec —.
2 2 2 2

Since A+ B + C = m, this expression is equal to 0. O

Theorem 3.2. For the triad of circles associated with ANABC, we have

p(r - pa)(r - pb)(T — pc) =t
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Proof. This result follows from Theorem and the trigonometric identity
B C
tan — tan — tan — = —
2 2 2 p

which comes from [I], p. 358].
Theorem 3.3. For the triad of circles associated with NABC, we have

A—-(p=b)p—0
5 :

Pa =
Similar formulas hold for p, and p..

Proof. Using Theorem [2.1] and the well-known identities

r A

tan — = and r=—,
2 p—a p

we get
< r ) r? A A?
Pa=1|1— =r— =— =
p—a p—a p p(p—a)
_ A pp—a)p=b)p—c) A—-(p—b)p—c)
p p*(p —a) p

This complete the proof.

4. BARYCENTRIC COORDINATES OF CENTERS OF a4, Vo, Ve

Theorem 4.1. The barycentric coordinates of the center of v, are

D=aS+2(p—0b)p—c)(b+c):bS—2b(p—0b)(p—c):cS—2c(p—b)p—

c).

Proof. Let y be the distance between D and the sideline BC. Summing the areas

of triangles DBC, DC'A and DAB we obtain
ay + bp, + cpa = 2A.
Plugging into we get
A—(p—>b)p—
ay+ (b+0)- (p=0)p—c) _ 4

S—20p-blp-c _

ay+ (b+c) -

2pay + (b+¢)S —2(p—b)(p—c)(b+¢c)=(a+b+¢)S
2pay =2(p —b)(p — c)(b+c) +aS
aS+2(p—>b)(p—c)(b+c)
2p

ay =

By using and (@, we obtain
D =ADBC : ADCA: DAB = ay : bp, : ¢pq,

=aS+2(p—0b)(p—c)(b+c):bS—2b(p—>b)(p—c):cS—2c(p—>b)p—

which are the desired barycentric coordinates.

(5)

c)

4
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Theorem 4.2. The radical center of circles v,, vy and 7. is the Gergonne point
of AABC.

Proof. Using MATHEMATICA and the package baricentricas .nﬁ, it can be proved
that

(a) the radical axis of 7, and v, is (p —a)z — (p — b)y = 0;
(b) the radical axis of v, and 7. is (p — b)y — (p — ¢)z = 0;
(c) the radical axis of v, and 7, is (p —a)x — (p — ¢)z = 0.

An easy verification shows that these radical axes concur at

Ge=(p—b)p—c):(p—c)p—a):(p—a)p—0),
which is the Gergonne point of AABC. O

We can also give a purely geometric proof.

Proof. Let the incircle touch the sides of AABC' at Q,, @, and Q. as shown in
Figure [[1} From Theorem Qu.F, = Q.F, = r. Thus, the tangents from Q,
to v, and . are equal. Since AD, = ADy, and D.E. = D,F, (Theorem , this
means AE. = AF,. Hence the tangents from A to 7, and 7. are equal. The radical
axis of circles 7, and 7, is the locus of points such that the lengths of the tangents
to the two circles from that point are equal. The radical axis of two circles is a
straight line. Therefore, the radical axis of circles 7, and 7, is AQ,, the Gergonne
cevian from A.

Similarly, the radical axis of circles v, and 7. is the Gergonne cevian from B and
the radical axis of circles v, and 7, is the Gergonne cevian from C. Hence, the
radical center of the triad of circles is the intersection point of the three Gergonne
cevians, namely, the Gergonne point of AABC. U

FIGURE 11.

3The package baricentricas.m written by F.J.G.Capitan can be freely downloaded from
http://garciacapitan.epizy.com/baricentricas/
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5. A CONCURRENCE AT THE PAASCHE POINT.
In [4] the following result is stated.

Theorem 5.1. Suppose that ABC' is an acute triangle. Let v, be the circle
touching CA and AB from inside of ABC and also externally tangent to the
semicircle of diameter BC, in point T,. Define Ty, and T, cyclically (Figure @
Then ABC' s perspective to T, T, T,, and the perspector is X1123, the Paasche point
of AABC.

FIGURE 12.

Proof. We use homogeneous barycentric coordinates with respect to the triangle
ABC'. Let M, be the midpoint of BC. The point T, divides the segment joining
the centers of the circles 7, and w, in the ratio p, : §. Using theorem [4.1| we have
that the sum of coordinates of D is
aS+2(p—>b)(p—c)(b+¢)+bS —2b(p—b)(p—c)+cS—2c¢(p—0)(p—c)
=(a+b+c)S+2(p—>b)(p—c)b+c)—2(b+c)(p—0b)(p—c)
=(a+b+c)S =2pS.

Therefore, by writing the coordinates of M, in the form M, =0 : pS : pS, we get
Ta:g~D+pa-Ma.
It follows that the first coordinate of T, = x, : y, : 2, is given by
T, = g((15—1-2(}9—b)@—c)(b+c))+m'O

2
(aS+2(p—=>b)(p—c)(b+c)).

_a
2

In a similar way we find that
a

(bS —2b(p = b)(p — ¢)) + papS

(S =2(p = b)(p—c))(ab+5)

Ya =

N — Do
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and
2= 5 (¢S = 2¢(p = b)(p— ) + pup$
= (5200~ b)(p — ) (ac + 5).
Hence

T, =a*S +2a(p — b)(p — c)(b+¢) :
(S=2(p=0)(p—c))(ab+5):
(S =2(p—b)(p — ) (ac + 5).
The equation of line AT, is z,y + y.2 = 0, i.e.
AT, : (ac+ S)y — (ab+ S)z = 0.
The cyclic substitution a — b, b — ¢, ¢ — a gives
BT,: (bc+ S)x—(ab+ S)z=0,
CT,: (bc+ S)xr—(ac+S)y=0.
A direct verification shows that AT,, BT,, and CT,. concur at the Paasche point
Xi123 = (ab+ S)(ac+ S) : (ab+ S)(bc+ S) : (ac+ S)(bc + 5). O

6. APOLLONIUS CIRCLES OF Y4, Vb, Ve

In order to find the radii of the inner and outer Apollonius circles tangent to 7,,
Y, and v, we will use the method explained in [9] and some preliminary lemmas.
The more complicated calculations are performed with MATHEMATICA.

Lemma 6.1. Ifu = FEF,v= DF,w= DFE are the distances between the centers
of the circles vq, Yy, and 7., we have

, a(b+c—a)(a®+ ab+ ac — 2b* + 4bc — 2¢%)
ul =

(a+ b+ c)? ’

02— b(a — b+ c) (—2a* + ab + 4ac + b* + be — 2¢?)
(a+b+c)? ’

»  cla4+b—c)(—2a® +4ab+ ac — 2b* + be + ¢?)
v (a+b+c)? '

Proof. From Theorem [3.3] we have
A—(p—0b)(p—c)

Pa = 5
p
and similarly
_A-(p—a)lp—o _A-(p-ap-0b)
Py = D ) Pec = D .

Assume, without loss of generality, that p, < p.. Let E’ be the foot of the
perpendicular from F to F'F,. Applying the Pythagorean Theorem to triangle
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FIGURE 13.

EFFE' (see figure , taking into account that EF' = E,F, = 2r and FFE' =
Pe — P, We obtain

= EF = B, + (FF— EE)" = (2)°+ (pe = po)”
:4’/“2—|— ((p_a)<p_0) — (p_a)<p_b))2

p

2 N2(h )2

_ 4 A_2 L (p=a) 2(b c)
p p
Ap(p —a)(p —b)(p—c) + (p — a)*(b — ¢)°
— =
_a(b+c—a)(a® + ab+ ac — 2b% 4 4bc — 2¢?)
B (a+b+c)? '
The formulas relating to v? and w? can be proved in a similar way. O

Lemma 6.2. If 6, ¢, 1 are three positive real numbers such that 0+ @+ = 360°,
then we have

cos?  + cos® p 4 cos® 1 — 2 cos B cos p cos ) = 1.

Proof. Using the addition formulas we have

cos® 0 + cos? p + cos® 1) — 2 cos 6 cos @ cos 1P
= cos? 0 + cos® ¢ + cos?(360° — 0 — ) — 2 cos B cos p cos(360° — 6 — )
= c0s® 0 + cos® ¢ + cos?(0 + ) — 2 cos 6 cos p cos (6 + )
= cos? 0 4 cos? p + (cos 0 cos p — sin B sin p)* — 2 cos 0 cos ¢ (cos O cos ¢ — sin 0 sin )
= cos® § + cos? ¢ + cos® f cos® p + sin® fsin? p — 2 cos?  cos® p
= cos? 0 + cos? p + sin? @ sin? p — cos® f cos® ¢
= cos® O(1 — cos? ) + cos? p + sin? O sin?
=sin® p(cos® § + sin” @) + cos® ¢
=sin ¢ + cos’p = 1. 0
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Theorem 6.1. Let p; be the radius of the inner Apollonius circle externally tan-
gent to v, Y, and . (see figure . Then

PP = pa+ Py +

FIGURE 14.

Proof. Let U be the center of the inner Apollonius circle and let x = p;. Let us
consider the angles ¢, = ZEUF, o, = LZFUD, and ¢. = ZDUE.

Since ¢, + @y + @ = 360° by Lemma |6.2| we have

cos? @, + cos? @y, + cos? Q. — 2 oS P, oS P, oS P, = 1. (7)
If we substitute
. 2 %a . 2% . 9 Pec
t, = sin? =2, ty = - te = re 8
sin” p=sin” sin” 3 (8)

in (7)), we obtain
2417+ 12— 2 (taty + tyte + toty) + 4tatot. = 0. (9)
Since UD =z + p,, UE =z + py, UF = x + p., the Law of Cosines yields
(x4 ) + (z + pe)” — 0

COS Y, = =
’ 2@+ )@ + po)
p o Lzemser  wl = (g —pe) (10)
’ 2 Az + pp)(x + pe)’
and analogously
_ e pa) _ = (p—p) (11)
Az + pe)(x + pa)’ A(x + pa)(x + o)

Plugging and in @[) and using Lemma after a straightforward cal-
culation, we get an equation of the form f(z)g(x) = 0, where

fz) =6(a+b+c)z+ 2ab+ 2be + 2ac — a® — 0? — A+ 124 (12)
and

g(z) =2(a +b+c)x + a® + b* + & — 2ab — 2ac — 2bc + 4A. (13)
The root of is

a2+b2+02—2ab—2bc—20a—12A_

_2r(4R+r) 4+ 6A _

0.
6(a+b+c) 6p
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The root of is
—a® — b* — ¢ + 2ba + 2bc + 2ca — 4N r(4R+r —p)
2(a+b+c) N P

r(4R+r—p)
p

> 0.

Tr =

Therefore, discarding the negative root, we have p;, =
into account equation , we get,

i = P+ o+ P2 O
Corollary 6.1. In Figure[1J showing the triad of circles associated with ANABC

and the inner Apollonius circle externally tangent to each circle in the triad, we
have that the sum of the yellow areas is equal to the green area.

. Hence, taking

FIGURE 15. yellow area = green area

Theorem 6.2. Let p, be the radius of the outer Apollonius circle internally tan-
gent to Ya, W, Ve (see Figure @) We have

2
m=§@ﬁwmma+wﬁ+ﬁ+@

FIGURE 16.

Proof. The proof is similar to that of Theorem O

Combining Theorem [I.I, Theorem [6.1} and Theorem [6.2] we get the following
nice results.
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Corollary 6.2. The inradius r and the radii p;, p, of the Apollonius circles satisfy
the relation
3po = pi+ 4r.
Corollary 6.3. The radii p;, p, of the Apollonius circles satisfy the relation
300 = 2(pa + po + pc) + 3p;

Remark. The centers U and V of the inner and outer Apollonius circles of ,,
Y, and 7. are known ETC centers, namely U = X (52805) and V' = X (52806).

Theorem 6.3. Let w; be the inner Apollonius circle, externally tangent to va, Vb,
and .. Let U, be the touch point between w; and v,. Define Uy, and U, cyclically.
Let w, be the outer Apollonius circle, internally tangent to ¥4, Y, and .. Let
V., be the touch point between w, and v,. Define Vi, and V. cyclically. Let G. be
the Gergonne point of ANABC. Then the points A, V,, U,, and G, are collinear.
Similarly, the points B, V,, Uy, and G, are collinear; and the points C, V., U,,
and G, are collinear (Figure [17).

FIGURE 17.

Proof. Clearly, by symmetry, it is enough to prove that A, V,, U,, and G, are
collinear. From Theorem [4.2] we know that G, is the radical center of v,, vy, and
v.. Hence, from the Gergonne construction of Apollonius circles, it follows that
U,, V,, and G, are collinear. Therefore, it remains to prove that A, U,, and G, are
collinear. To this end we use barycentric coordinates. We have A =1:0:0 and

Ge = p%a ; ﬁ : p%c. The point U, divides the segment DU joining the centers of
the circles v, and w; in the ratio p, : p;. By using MATHEMATICA, we find that
—a 1 1
Us =

-bp—0)-A p-b p-c

The points A, U,, and G, are collinear because

1 0 0

_a 1 1
s 7 e | =0

U T

p—a p—b p—c

This completes the proof. O
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Remark. We could also show that the lines AU,, BU,, and C'U, are concurrent
by using Theorem 2 of [§]. That theorem also shows that the point of concurrence,
(3., is the internal center of similitude of the incircle of AABC and the circle w;.

Corollary 6.4. Let U, be the touch point between v, and w; (Figure @) Then
the tangents from U, to v, and . are equal.

FI1GURE 18. red tangents are equal

Proof. From Theorem [6.3] AU, is the Gergonne cevian from vertex A. But from
the proof of Theorem [£.2] this Gergonne cevian is the radical axis of circles 7, and
v.. Thus the two tangents have the same length. O

Theorem 6.4. Let w; = (U, p;), w, = (V. p,) be the inner and outer Apollonius
circles externally and internally tangent to v,, Vb, and 7., respectively. Let U,,
V. be the touch point of v, with w; and w, respectively. Define Uy, U., V;, V.
cyclically. Let I = X;, G, = X7 be the incenter and the Gergonne points of
ANABC respectively (Figure @) Then U and V' lie on the Soddy line IG,. and
Ul: 1V =3.

FIGURE 19.

Proof. This follows directly from the barycentric coordinates for U and V. O
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7. OTHER PROPERTIES

Theorem 7.1. For the triad of circles associated with ANABC, let x = po, Yy = pe,
and z = p.. Let u,v,w be the radii of the greatest circles inscribed in the circular
segments shown in Figure[20. Then

TW + Yyu + 2v = v + zu + yw.

FIGURE 20.

Proof. From Theorem 2.1 we have

—r(1—tan ), y=r(1-tanZ), s=r(1-ta
rT=r ang |, y=r an_ |, z=7 an - | .
A
m
N

FIGURE 21.

On the other hand, we have (see Figure

1 1 A A
=-MN =—-BM - — == —
U 5 5 tan 5 tan 5
and similarly
B C
v = —tan —, w:—tana.
Observe that
r A A A
tan = = = tan = = tan & =

2 s—a s(s—a) 2 s(s—10) 2 s(s—c)
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so, using the Heron formula A% = s(s —a)(s — b)(s — ¢), we get

a A B C
u(y—z)zztang r 1—tan§ —r 1—tan§

ar A( C B)
= —tan — | tan — — tan —

1 2 2
ar . At C . At B

= — | tan — tan — — tan — tan —
g Ay taty man oAy

_ % (S(SA_ 2 S(SA_ o s(sA— a) s(sA— b))

_ar s—b_s—c
N s s

Similarly, we have

Therefore
Tw 4 yu+ zv — (v + zu + yw) =u(y — z) + v(z — ) + w(r — y)
~r ac—ab r ba—bc 1 cb—ca
1T, 1S i
:i.ac—ab—i-ba—bc—i-cb—cazo
4 s
This completes the proof. Il
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