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1. Introduction

In [12], we considered circle chains touching a circle and its tangent. In this paper,
we consider the chain of circles touching two internally touching circles. There
are many problems in Wasan geometry involving such a chain. However, there
appears to be no paper discussing the structure of such chains. In this paper, we
reveal a certain structure of these chains. For a circle α with diameter AO, let β
be a circle touching α at the point O from inside of α. In this paper we consider
a chain of circles touching α and β. We use a rectangular coordinate system with
origin O so that the coordinates of A are (0, 2a) (see Figure 1).
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Figure 1.
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which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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2. Circles touching α internally and β externally

We consider circles touching α internally and β externally and consider the circle
γz having the radius rz and center of coordinates (xz, yz) such that

(1) rz =
ab(a− b)

ab+ (a− b)2z2
, (xz, yz) =

(
2zrz,

a+ b

a− b
rz

)
.

Obviously 0 < rz ≤ a− b, and the circles γz and γ−z are symmetric about the line
AO.

Theorem 1. A circle γ touches the circle α internally and β externally if and
only if there is a real number z such that γ = γz.

Proof. The circle γz touches α internally and β externally, since (0− xz)
2 + (a−

yz)
2 = (a− rz)

2 and (0− xz)
2 + (b− yz)

2 = (b+ rz)
2. Conversely, we assume that

a circle γ touches α internally and β externally. Let r be the radius of γ. Since
0 < r ≤ a − b, there is a real number z such that r = r±z. Then the circles γ±z

touch α internally and β externally. Since the circle γ coincides with γz or γ−z,
the theorem is proved. □

3. Chain of circles

In this section we construct chains of circles touching α internally and β externally.

Theorem 2. Two circles γz and γw touch if and only if |z − w| = 1.

Proof. The theorem is proved by

(xz − xw)
2 + (yz − yw)

2 − (rz + rw)
2 =

4a2b2(a− b)2 ((w − z)2 − 1)

(w2(a− b)2 + ab) (z2(a− b)2 + ab)
.

□
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The theorem shows that · · · , γk−1, γk, γk+1, · · · is a chain of circles for any real
number k (see Figure 2). Let P , Q and R be the centers of the circles α, β and
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γk, respectively. We show that the centers of the circles forming the chain lie on
an ellipse. Let S (resp. T ) be the point of tangency of α (resp. β) and γk. Then
|PR| + |QR| = (a − rk) + (b + rk) = a + b. Hence |PR| + |QR| is constant for
every k. Therefore the centers lie on the ellipse whose focal points are the centers
of the circles α and β.

Let rar = 2ab/(a + b) and let δ be the circle with center of coordinates (0, rar)
touching α at the point O. Then we have

(xk − 0)2 + (yk − rar)
2 = r2k + r2ar.

Therefore the circle δ is orthogonal to γk for any real number k. For a segment
UV with a point W on it, let λ and µ be the circles of radii u and v with diameters
UW and VW , respectively. Then the circle touching λ internally at the point W
and the tangents of µ from the point U has radius uv/(u + v) (see Figure 3).
This circle can be found in [1] and [2]. Applying this result, if β′ is a reflection of
the circle β about the tangent of α at the point O, the circle touching α and the
tangents of β′ from the point A meets the segment AO again at the center of δ.

The circles · · · , γ−2, γ−1, γ0, γ1, γ2, · · · form a chain, where γ0 touches α at the
point A. The chain is symmetric about the line AO (see Figure 4). Sangaku
problems involving this chain can be found in [3], [6], [7], [8], [9], [16], [17], [18],
[19].
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Another interesting chain symmetric about the line AO is · · · , γ− 5
2
, γ− 3

2
, γ− 1

2
, γ 1

2
,

γ 3
2
, γ 5

2
, · · · , where γ± 1

2
touch the line AO. Sangaku problems involving this chain

can be found in [4], [5], [6], [7], [8], [9], [15], [18].

4. Congruent circles on a line

Let ε1, ε2, ε3, · · · , εn be congruent circles touching a line t on the same side such
that ε1 and ε2 touch, εi touches εi−1 from the side opposite to ε1 for i = 3, 4, · · · , n.
Then the congruent circles are called congruent circles on the line t. The next
theorem is similar to that in [12] (see Figures 6 and 7). The proof is also similar
and is omitted.
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Theorem 3. The following statements are true.
(i) For a positive integer z and the circles γ−z and γz with an external common
tangent t of the two circles, there are circles γ′

−z+1, γ
′
−z+2, · · · , γ′

−1, γ
′
0, γ

′
1, · · · ,

γ′
z−2, γ

′
z−1 such that

γ−z, γ
′
−z+1, γ

′
−z+2, · · · , γ′

−1, γ
′
0, γ

′
1, · · · , γ′

z−2, γ
′
z−1, γz

are congruent circles on the line t.
(ii) For a positive integer k and the circles γ− 2k+1

2
and γ 2k+1

2
with an external

common tangent t of the two circles, there are circles γ′
− 2k−1

2

, γ′
− 2k−3

2

, · · · , γ′
− 1

2

,

γ′
1
2

, · · · , γ′
2k−3

2

, γ′
2k−1

2

such that

γ− 2k+1
2

, γ′
− 2k−1

2

, γ′
− 2k−3

2

, · · · , γ′
− 1

2

, γ′
1
2

, · · · , γ′
2k−3

2

, γ′
2k−1

2

, γ 2k+1
2

are congruent circles on the line t.
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Figure 6: z = 2.
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Figure 7: k = 2.

Let εz (resp. ζz) be the circle different from β (resp. α), touching α internally
(resp. β externally) and γz and γz+1 externally. Solving the equations (xz −x)2+
(yz−y)2 = (rz+r)2, (xz+1−x)2+(yz+1−y)2 = (rz+1+r)2 and (a−y)2+(0−x)2 =
(a− r)2 for x, y and r, we get the radius and the x-coordinate of the center of the
circle εz as follows:

(2) rε(z) =
(a− b)ab

d(z)
, xε(z) =

4(a− b)ab(1 + 2z)

d(z)
,

where d(z) = a2 − ab+ 4b2 + 4z(z + 1)(a− b)2. Similarly we have the radius and
the x-coordinate of the center of the circles ζz as follows:

(3) rζ(z) =
(a− b)ab

e(z)
, xζ(z) =

4(a− b)ab(1 + 2z)

e(z)
,

where e(z) = 4a2 − ab + b2 + 4z(z + 1)(a − b)2. The proof of the next theorem
using (2) and (3) is also omitted (see Figures 8 and 9).

Theorem 4. The following statements are true.
(i) Let z be an integer. For two circles ε±z (resp. ζ±z) with an external common
tangent t (resp. u), there are 8z + 3 circles η−4z−1, η−4z, η−4z+1, · · · , η−1, η0, η1,
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· · · , η4z−1, η4z, η4z+1 (resp. ι−4z−1, ι−4z, ι−4z+1, · · · , ι−1, ι0, ι1, · · · , ι4z−1, ι4z,
ι4z+1) such that

ε−z, η−4z−1, η−4z, η−4z+1, · · · , η−1, η0, η1, · · · , η4z−1, η4z, η4z+1, εz

(resp. ζ−z, ι−4z−1, ι−4z, ι−4z+1, · · · , ι−1, ι0, ι1, · · · , ι4z−1, ι4z, ι4z+1, ζz)

are congruent circles on the line t (resp. u).
(ii) Let z = (2k + 1)/2 for an integer k. For two circles ε±z (resp. ζ±z) with an
external common tangent t (resp. u), there are 8k + 7 circles η−4z, η−4(z−1), · · · ,
η−8, η−4, η0, η4, η8, · · · , η4(z−1), η4z, (resp. ι−4z, ι−4(z−1), · · · , ι−8, ι−4, ι0, ι4,
ι8, · · · , ι4(z−1), ι4z), where η0 (resp. ι0) denotes the block consisting of the seven
circles η−3, η−2, η−1, η0, η1, η2, η3 (resp. ι−3, ι−2, ι−1, ι0, ι1, ι2, ι3) and ηz (resp.
ιz) denotes the block consisting of the four circles ηz, ηz+1, ηz+2, ηz+3 (resp. ιz,
ιz+1, ιz+2, ιz+3) if z ̸= 0 such that

ε−z, η−4z, η−4(z−1), · · · , η−8, η−4, η0, η4, η8, · · · , η4(z−1), η4z, εz

(resp. ζ−z, ι−4z, ι−4(z−1), · · · , ι−8, ι−4, ι0, ι4, ι8, · · · , ι4(z−1), ι4z, ζz)

are congruent circles on the line t (resp. u).
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Figure 8: z = 1.
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5. Semicircle

We consider the semicircle, such that it touches the circle β externally, AO is the
perpendicular bisector of the diameter, the endpoints of the diameter lie on the
circle α (see Figure 10). The semicircle is denoted by κ. Let γz be the circle
touching α, β and κ. Sangaku problems involving κ and circle chains beginning
with γz can be found in [3], [4], [10], [11] [15].

We represent z in terms of a and b. Let s be the radius of κ. Considering the
power of the center of κ with respect to α, we have s2 = (2b + s)(2a− (2b + s)).
Solving the equation for s, we have s = (a−2b+

√
a2 + 4ab− 4b2)/2. Let v be the

y-coordinate of the center of κ. Then v = 2b+ s = (a+ 2b+
√
a2 + 4ab− 4b2)/2.

Using (1) we solve the equation (xz − 0)2 + (yz − v)2 = (rz + s)2 for z. After
simplification, we get

z = ±2

√
a

3a− 2b+
√
a2 + 4ab− 4b2

.
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Figure 10.
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