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1. INTRODUCTION

In [12], we considered circle chains touching a circle and its tangent. In this paper,
we consider the chain of circles touching two internally touching circles. There
are many problems in Wasan geometry involving such a chain. However, there
appears to be no paper discussing the structure of such chains. In this paper, we
reveal a certain structure of these chains. For a circle @ with diameter AQO, let 3
be a circle touching « at the point O from inside of «. In this paper we consider
a chain of circles touching o and 5. We use a rectangular coordinate system with
origin O so that the coordinates of A are (0,2a) (see Figure [I).

A

0
Figure 1.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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2. CIRCLES TOUCHING « INTERNALLY AND [ EXTERNALLY

We consider circles touching « internally and 3 externally and consider the circle
7. having the radius r, and center of coordinates (z,,y,) such that

ab(a — b) a+b
(1) r, = ab—|— (a — b)2227 ('rzuyz) - (2ZT27 mrz> .

Obviously 0 < r, < a—b, and the circles 7, and v_, are symmetric about the line

AO.

Theorem 1. A circle v touches the circle o internally and (B externally if and
only if there is a real number z such that v = ~,.

Proof. The circle v, touches « internally and 3 externally, since (0 — x,)? + (a —
y.)? = (a—r,)*and (0 —z,)? + (b—y.)> = (b+r,)?. Conversely, we assume that
a circle v touches « internally and f externally. Let r be the radius of v. Since
0 < r < a— b, there is a real number z such that » = r4.. Then the circles vy,
touch « internally and (3 externally. Since the circle v coincides with ~, or v_,,
the theorem is proved. U

3. CHAIN OF CIRCLES

In this section we construct chains of circles touching « internally and S externally.
Theorem 2. Two circles 7y, and vy, touch if and only if |z — w| = 1.
Proof. The theorem is proved by

4a?b*(a — b)? ((w — 2)® — 1)
(w?(a — b)2 + ab) (2*(a — b)2 + ab)

(2 — 20) + (s — yu)? — (rs +7)* =

O
U
)
Figure 2. Figure 3.
The theorem shows that - -+, vx_1, V&, Vk+1, - -+ is a chain of circles for any real

number k (see Figure 2). Let P, @ and R be the centers of the circles «, 5 and
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v, respectively. We show that the centers of the circles forming the chain lie on
an ellipse. Let S (resp. T') be the point of tangency of « (resp. §) and ~y,. Then
|PR| + |QR| = (a — rg) + (b+ 1) = a+ b. Hence |PR| + |QR)| is constant for
every k. Therefore the centers lie on the ellipse whose focal points are the centers
of the circles a and /.

Let 74, = 2ab/(a + b) and let 6 be the circle with center of coordinates (0, rg;)
touching « at the point O. Then we have

(xk’ - 0)2 + (yk’ - rar)2 = ’I“]% + 7“27".

Therefore the circle ¢ is orthogonal to 7, for any real number k. For a segment
UV with a point W on it, let A and p be the circles of radii u and v with diameters
UW and VW | respectively. Then the circle touching A internally at the point W
and the tangents of p from the point U has radius wv/(u + v) (see Figure [B]).
This circle can be found in [I] and [2]. Applying this result, if 5’ is a reflection of
the circle § about the tangent of « at the point O, the circle touching o and the
tangents of 4’ from the point A meets the segment AO again at the center of 6.

The circles - -+, v_o2, v_1, Y0, 71, Y2, - -+ form a chain, where 7, touches « at the
point A. The chain is symmetric about the line AO (see Figure M). Sangaku
problems involving this chain can be found in [3], [6], [7], [8], [9], [16], [I7], [18§],
[19].

Figure 4. Figure 5.
Another interesting chain symmetric about the line AO is ---, v_ 5,78, 71,71,
Ve V5, where 7y +1 touch the line AO. Sangaku problems involving this chain

can be found in [], [5], [6], [7], [8], [9], [15], [18].

4. CONGRUENT CIRCLES ON A LINE

Let €1, €9, €3, - -+, €, be congruent circles touching a line ¢ on the same side such
that 1 and e touch, €; touches €;_; from the side opposite to €, fori = 3,4,--- ,n.
Then the congruent circles are called congruent circles on the line ¢t. The next
theorem is similar to that in [12] (see Figures [0l and [7). The proof is also similar
and is omitted.
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Theorem 3. The following statements are true.

(i) For a positive integer z and the circles y_, and 7, with an external common
tangent t of the two circles, there are circles ¥ 1, Y 1o, -+ Y10 Y0, V1>
Yo, Vi_y such that

)

/ / / / / / /
Y=z Veog1r V=242 " V=15 Yor V1o "5 Vz—2s Vae1s Vz

are congruent circles on the line t.
(ii) For a positive integer k and the circles Y2kt and Vekst with an external

common tangent t of the two circles, there are circles v o1, ¥ oz, =<5 Y 1,
- =T -3

/ / /
Yis s Vak—3s Vok—1 such that

2 2 2

/ / / / / /
V_2kt1, YV ok—1, V_2k=3, ", V_1, Vi, s Vak—s, Vak—1, V2kt+1
2 5 5 2 2 2 2 2

are congruent circles on the line t.

Figure 6: z = 2. Figure 7: k = 2.

Let €, (resp. (.) be the circle different from 5 (resp. «), touching « internally
(resp. 8 externally) and 7, and 7, externally. Solving the equations (z, —z)? +
(y:=y)* = (r+7)% (2241 =)+ (Y11 —y)* = (roa +7)* and (a—y)* +(0—2)* =
(a—r)? for x, y and r, we get the radius and the x-coordinate of the center of the
circle ¢, as follows:

) ree) =SB, o) = =R,

where d(z) = a® — ab+ 4b* + 4z(z + 1)(a — b)*. Similarly we have the radius and
the z-coordinate of the center of the circles ¢, as follows:

_ (a—b)ab o) = 4(a —b)ab(1 + 22)
3) AERLL L o +22)

where e(z) = 4a* — ab+ b* + 4z(z + 1)(a — b)%. The proof of the next theorem
using (2l) and @) is also omitted (see Figures 8 and [)).

Theorem 4. The following statements are true.
(i) Let z be an integer. For two circles ex, (resp. (+.) with an external common
tangent t (resp. w), there are 8z + 3 circles n_4,—1, N4z, N—az11, =+ -1, Mo, M,
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cty Maz—1, Mz, MNz+1 (resp- bdz—1, b—gzy g1, "5 L1, Lo, L1, * 0, Laz—1, l4z,
Lyz+1) Such that

E—2zs /’7—42—1; 77—42; /’7—4Z+1; ) 77—1; 770; 7717 ) /’742—1) 7742’; /’74Z+1) €z
(Tesp' C*Z; bodz—1, bedzy b—dzt1, * ", L1, Lo, L1, =0, Laz—1, L4z, Loz, CZ)

are congruent circles on the line t (resp. ).
(i) Let z = (2k + 1)/2 for an integer k. For two circles ey, (resp. (x,) with an
external common tangent t (resp. u), there are 8k + 7 circles T—az, —ai=—1), "

m; m; Mo, M4, M85 =5 Na(z—1)5 @7 (T@Sp. bdzy b—d(z=1), ") Q; Ez %; Z;
g, *, la(=—1), laz), where 7o (resp. 7o) denotes the block consisting of the seven
circles n_3, N—2, N—1, Mo, M, M2, N3 (resp. t_s3, t_2, L_1, Lo, L1, Lo, t3) and 7], (Tesp.
1) denotes the block consisting of the four circles n,, 1,41, Not2, Naxs (TESP. Ly,
Lat1, Latos Lay3) if 2 # 0 such that

€—zs N4z, N—4(z—1)s *" "> -8, N—4, Mo, N1, N, * ", N4(z—1); Mz, €z

(resp- sz; l—4z, l’—4(z—1)7 T, leg, Loy, Lo, L4, Ly, L4(z—1); E; CZ)

are congruent circles on the line t (resp. ).

N4z—1 T4z T4z




20 A CHAIN OF CIRCLES TOUCHING TWO INTERNALLY TOUCHING CIRCLES
5. SEMICIRCLE

We consider the semicircle, such that it touches the circle g externally, AO is the
perpendicular bisector of the diameter, the endpoints of the diameter lie on the
circle a (see Figure [I0)). The semicircle is denoted by k. Let 7, be the circle
touching «, # and k. Sangaku problems involving s and circle chains beginning
with v, can be found in [3], [4], [10], [IT] [L5].

We represent z in terms of a and b. Let s be the radius of k. Considering the
power of the center of x with respect to a, we have s* = (2b + s)(2a — (20 + s)).
Solving the equation for s, we have s = (a —2b++/a2 + 4ab — 4b%) /2. Let v be the
y-coordinate of the center of k. Then v = 2b+ s = (a + 2b + va? + 4ab — 4b2) /2.
Using () we solve the equation (z, — 0)? + (y, — v)? = (r, + s)? for z. After
simplification, we get

2= 49 ¢ .
3a — 2b+ Va2 + 4ab — 4b2

Figure 10.
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