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Abstract. We generalize Theorem 4 of [1] concerning a chain of circles touching
two internally touching circles.
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1. Introduction

In [1], we considered a chain of circles touching two internally touching circles. In
this paper, we generalize Theorem 4 of [1].
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Figure 1.

For a circle α with diameter AO, let β be a circle touching α at the point O from
inside of α. We use a rectangular coordinate system with origin O so that the
coordinates of A are (0, 2a) (see Figure 1).
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We summarize some results in [1], which are used in this paper. A circle touches
α internally and β externally if and only if it has radius and center of coordinates
such that

(1) rz =
ab(a− b)

ab+ (a− b)2z2
, (xz, yz) =

(
2zrz,

a+ b

a− b
rz

)
for a real number z. We denote the circle by γz. The radius rz is a monotonically
increasing function of z if z < 0, and is a monotonically decreasing function of z
if z > 0. The two circles γz and γ−z are symmetric about the line AO. The two
circles γz and γw touch if and only if |z − w| = 1.

2. Chain of circles touching γz and γz+1

For a real number z, we define circles εz,1, εz,2, εz,3, · · · as follows (see Figure
2): εz,1 is the circle touching the circles γz and γz+1 externally and α internally
different from β. εz,2 is the circle touching the circles γz, γz+1 and εz,1 externally.
If the circles εz,1, εz,2, εz,3, · · · , εz,k have been defined, then εz,k+1 is the circle
touching the circles γz, γz+1 and εz,k externally different from εz,k−1.

Similarly we define circles ζz,1, ζz,2, ζz,3, · · · as follows: ζz,1 is the circle touching
the circles γz, γz+1 and β externally. ζz,2 is the circle touching the circles γz, γz+1

and ζz,1 externally different from β. If the circles ζz,1, ζz,2, ζz,3, · · · , ζz,k have been
defined, then ζz,k+1 is the circle touching the circles γz, γz+1 and ζz,k externally
different from ζz,k−1.
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Figure 2: z = 1.

Proposition 1. The following statements are true.
(i) The radius and the coordinates of the center of the circle εz,j are given by

(2) rε(z, j) =
(a− b)ab

dε(z, j)

and

(xε(z, j), yε(z, j))(3)

=

(
2j(j + 1)(2z + 1)rε(z, j),

ab(a(2j2 − 1) + b(2(j + 1)2 − 1)

dε(z, j)

)
where

dε(z, j) = j2a2 − ab+ (j + 1)2b2 + 2j(j + 1)(a− b)2z(z + 1).
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(ii) The radius and the coordinates of the center of the circle ζz,j are given by

(4) rζ(z, j) =
(a− b)ab

dζ(z, j)

and

(xζ(z, j), yζ(z, j))(5)

=

(
2j(j + 1)(2z + 1)rζ(z, j),

ab(a(2(j + 1)2 − 1) + b(2j2 − 1)

dζ(z, j)

)
,

where

dζ(z, j) = (j + 1)2a2 − ab+ j2b2 + 2j(j + 1)(a− b)2z(z + 1).

Proof. Solving the equations (xz − x)2 + (yz − y)2 = (rz + r)2, (xz+1 − x)2 +
(yz+1 − y)2 = (rz+1 + r)2 and (0 − x)2 + (a − y)2 = (a − r)2 for x, y and r, we
get (2) and (3) with j = 1. We assume (2) and (3) are true. Then solving the
equations (xz−x)2+(yz−y)2 = (rz+r)2, (xz+1−x)2+(yz+1−y)2 = (rz+1+r)2 and
(xε(z, j)−x)2+(yε(z, j)−y)2 = (rε(z, j)+r)2 for x, y and r, we get r = rε(z, j+1),
x = xε(z, j + 1) and y = yε(z, j + 1). This proves (i). The part (ii) is proved
similarly. □

We have

1

rε(z, j)
− 1

rε(w, j)
=

2(a− b)j(1 + j)(z − w)(z + w + 1)

ab
.

Therefore two distinct circles εz,j and εw,j are congruent if and only if z+w+1 = 0.
In this event, the circle εw,j is the reflection of the circle εz,j in the line AO, i.e.,
the line joining the centers of εz,j and εw,j is parallel to the x-axis. Similarly, two
distinct circles ζz,j and ζw,j are congruent if and only if z + w + 1 = 0, and the
line joining the centers of ζz,j and ζw,j is parallel to the x-axis in this event.

3. Congruent circles in a line

We generalize the result in [1]. Let ρ1, ρ2, ρ3, · · · , ρn be congruent circles such
that ρ1 and ρ2 touch, ρi touches ρi−1 at the farthest point on ρi−1 from ρ1 for
i = 3, 4, · · · , n. Then the congruent circles are called congruent circles in a line.
Theorem 4 in [1] is the case j = 1 in the next theorem (see Figure 3).
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Figure 3: z = 1/8.
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Theorem 1. Let z = m/8 for an integer m ̸= −4. For a positive integer
j, between the two circles ε−z−1,j and εz,j (resp. ζ−z−1,j and ζz,j), there are

2j(j + 1)|2z + 1| − 1 circles ε1, ε2, ε3, · · · , ε2j(j+1)|2z+1|−1 (resp. ζ1, ζ2, ζ3,

· · · , ζ2j(j+1)|2z+1|−1) such that

ε−z−1,j, ε1, ε2, ε3, · · · , ε2j(j+1)|2z+1|−1, εz,j

(resp. ζ−z−1,j, ζ1, ζ2, ζ3, · · · , ζ2j(j+1)|2z+1|−1, ζz,j)

are congruent circles in a line.

Proof. The distance between the centers of the circles ε−z−1,j and εz,j equals
|xε(z, j)− xε(−z − 1, j)|, and we have

|xε(z, j)− xε(−z − 1, j)|
2rε(z, j)

= 2j(j + 1)|2z + 1| = 2j(j + 1)
∣∣∣m
4
+ 1

∣∣∣ .
This value equals 0 if m = −4, and a positive integer if m ̸= −4, since j(j + 1)
is an even number. This proves the assertion for the circles ε−z−1,j and εz,j. The
rest of the theorem is proved similarly. □

Figure 4 shows the case m = −4. In this case the circle εz,j (resp. ζz,j) coincides
with its congruent counterpart ε−z−1,j (resp. ζ−z−1,j), because z = −z − 1.
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Figure 4: m = −4.
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