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1. Introduction

Let α be a circle of radius a with a tangent t touching at a point O. In this paper
we consider circles touching the circle α externally and the line t and consider
chains of circles made by such circles. Let A be the farthest point on α from t.
We consider a rectangular coordinate system with origin O such that the point A
has coordinates (0, 2a). The line t overlaps with the x-axis (see Figure 1).
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Figure 1.

We use the definition of division by zero ([1], [4])

(1)
z

0
= 0

for any real number z. When θ is the angle between the tangents at a common
point of two figures, they touch at the common point if and only if tan θ = 0.

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Equation (1) implies tan(π/2) = 0. Under the convention (1), we consider that
two figures intersecting at a right angle at a point still touch at the point.

2. Circles touching the circle α and the line t

Circles touching the circle α externally and the line t are characterized as follows.

Theorem 1. A proper circle touches the circle α externally and the line t from
the same side as α if and only if it has center of coordinates (2a/z, a/z2) and
radius a/z2 for a real number z ̸= 0.

Proof. We have

(2a/z − 0)2 + (a/z2 − a)2 = (a+ a/z2)2.

Therefore the circle with center (2a/z, a/z2) having radius a/z2 touches the cir-
cle α externally. Conversely, any circle touching α externally and t has radius
r > 0 and center of coordinates (2

√
ar, r). Putting r = a/z2 gives the stated

representation. □

The circle in the theorem is denoted by βz.

3. The case z = 0

In this section we consider the case z = 0. The circle βz is represented by the
equation (x− 2a/z)2 + (y − a/z2)2 = a2/z4, which is also written as

βz(x, y) = x2 + y2 − 4ax

z
− 2a(y − 2a)

z2
= 0.

Therefore we get x2 + y2 = 0 if z = 0 by (1). The equation represents the point
O. Similarly from

zβz(x, y) = (x2 + y2)z − 4ax− 2a(y − 2a)

z
= 0,

we have 4ax = 0 by (1) in the case z = 0. Therefore we get x = 0, which
represents the line OA. Similarly from

z2βz(x, y) = (x2 + y2)z2 − 4axz − 2a(y − 2a) = 0,

we have 2a(y − 2a) = 0 in the case z = 0. Therefore we get y = 2a, which
represents the tangent of the circle α at A. We now get the three figures: the
point O, the line OA, and the tangent of α at the point A, respectively. The three
figures are denoted by β∞, β∞ and β0, respectively.

The figures β∞ and β0 touch the circle α and the line t. In the classical sense, β∞
is orthogonal to α and t. However we assume (1), which implies tan(π/2) = 0 as
noticed at the end of introduction. Hence we still consider that it touches them.

4. Chains of circles

In this section we construct chains of circles touching α and t.

Theorem 2. The circles βz and βw touch if and only if |z − w| = 1 for real
numbers w and z.
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Proof. If z = 0, βz and βw touch if and only if w = ±1. We assume (w, z) ̸= (0, 0).
The two circles βz and βw touch if and only if

(
2a

z
− 2a

w

)2

+
( a

z2
− a

w2

)2

=
( a

z2
+

a

w2

)2

by Theorem 1. On the other hand, we have

(
2a

z
− 2a

w

)2

+
( a

z2
− a

w2

)2

−
( a

z2
+

a

w2

)2

=
4a2

w2z2
((w − z)2 − 1).

Therefore βz and βw touch if and only if |w − z| = 1. □

The theorem shows that · · · , βk−2, βk−1, βk, βk+1, βk+2, · · · is a chain of circles for
any real number k (see Figure 2). The centers of the circles forming the chain lie
on the parabola whose focus is the center of the circle α with the vertex O. The
distance between t and the directrix equals a. Let ε be the circle with center A
touching the line t. If βk has radius b, then βk has center of coordinates (2

√
ab, b).

Since

(2
√
ab− 0)2 + (b− 2a)2 = b2 + (2a)2

holds, the square of the distance between the centers of ε and βk equals the sum
of the square of their radii. Therefore the two circles are orthogonal.

t

ε

βz

βz−1

βz+1

α
A

O

Figure 2: z = 0.25.

The line β0 touches the circles β±1 by Theorem 2, and we get a chain of circles

· · · , β−3, β−2, β−1, β0, β1, β2, β3, · · · ,

which is symmetric about the line β∞ (see Figure 3).
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Figure 3.

Another interesting chain symmetric about the line β∞ is

· · · , β− 5
2
, β− 3

2
, β− 1

2
, β 1

2
, β 3

2
, β 5

2
, · · ·

(see Figure 4).
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Figure 4.

5. Congruent circles on a line

Let γ1, γ2, γ3, · · · , γn be congruent circles touching a line t on the same side such
that γ1 and γ2 touch, γi touches γi−1 from the side opposite to γ1 for i = 3, 4, · · · , n.
Then the congruent circles are called congruent circles on the line t. We show the
next theorem.

Theorem 3. The following statements are true.
(i) Let z be a positive integer. For the circles β−z and βz, there are circles γ−z+1,
γ−z+2, · · · , γ−1, γ0, γ1, · · · , γz−2, γz−1 such that

β−z, γ−z+1, γ−z+2, · · · , γ−1, γ0, γ1, · · · , γz−2, γz−1, βz

are congruent circles on the line t.
(ii) Let k be a positive integer. For the circles β− 2k+1

2
and β 2k+1

2
, there are circles

γ− 2k−1
2

, γ− 2k−3
2

, · · · , γ− 1
2
, γ 1

2
, · · · , γ 2k−3

2
, γ 2k−1

2
such that

β− 2k+1
2

, γ− 2k−1
2

, γ− 2k−3
2

, · · · , γ− 1
2
, γ 1

2
, · · · , γ 2k−3

2
, γ 2k−1

2
, β 2k+1

2
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are congruent circles on the line t.

Proof. Let d be the distance between the centers of β−z and βz. Then d = 4a/z
by Theorem 1. Since (4a/z)/(a/z2) = 4z, there are 2z − 1 circles γ−z+1, γ−z+2,
· · · , γ0, · · · γz−2, γz−1 such that β−z, γ−z+1, γ−z+2, · · · , γ0, · · · , γz−2, γz−1, βz are
congruent circles on t (see Figure 5). This proves (i). Let w = (2k + 1)/2. Then
2w− 1 = 2k. Therefore there are 2k circles γ−w+1, γ−w+2, · · · , γ− 1

2
, γ 1

2
, · · · , γw−2,

γw−1 such that β−w, γ−w+1, · · · , γ− 1
2
, γ 1

2
, · · · , γw−1, βw are congruent circles on t

(see Figure 6). This proves (ii). □
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Figure 5: z = 3.
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Figure 6: w = 5/2, (k = 2).

6. Related problems in Wasan geometry

The following problem especially in the case n = 2, 4, 5 can be seen in Wasan
geometry ([2], [3]) (see Figure 7).

Problem 1. For the circle α, there are n congruent circles γ1, γ2, · · · , γn on the
line t such that α touches γ1 and γn. If γ1 has radius b, show

(2)
a

b
=

(n− 1)2

4
.

Considering the distance between the centers of γ1 and γn, we have 4
√
ab =

2(n − 1)b. The last equation gives (2). We assume that the circle γ1 lies in the

first quadrant and coincides with the circle βz. Then 2
√
ab = 2a/z by Theorem 1.

This implies z =
√
a/b = (n− 1)/2 by (2). Hence the circle γ1 coincides with the

circle βn−1
2
. Therefore, in the limiting case n = 1, the circle γ1 degenerates to the

line β0 ([2]) (see Figure 8). Symmetrically the circle γn coincides with the circle
β−n−1

2
.
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γ1γ2γ3γ4γ5
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Figure 7: n = 5.
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Figure 8: n = 1.
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